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' Abstract 

<N ! 

Exact computations of polarizations correlations probabilities are carried out in 
QED, to the leading order, for initially polarized as well as unpolarized particles. Quite 
generally they are found to be speed dependent and are in clear violation of Bell's 
f"-- ■ inequality of Local Hidden Variables (LHV) theories. This dynamical analysis shows 

how speed dependent entangled states are generated. These computations, based on 
\ QED are expected to lead to new experiments on polarization correlations monitoring 

speed in the light of Bell's theorem. The paper provides a full QED treatment of the 
dynamics of entanglement. 

^ : 

PACS. numbers: 12.20.Ds - Specific calculations, 12.20.Fv - Experimental tests, 
03.65.Ud - Entanglement and quantum nonlocality (e.g. EPR paradox, Bells inequal- 
ities, GHZ states, etc.) 

cr. 

>< : 1 INTRODUCTION 

£ : 

We carry out exact computations of joint probabilities of particle polarizations corre- 
lations in QED, to the leading order, for initially polarized and unpolarized particles. The 
interesting lesson we have learnt from such studies is that the mere fact that particles 
emerging from a process have non-zero speeds to reach detectors implies, in general, that 
their polarizations correlations probabilities depend on speed pQ . The present extended, and 
needless to say, dynamical analysis shows that this is true, in general. This is unlike formal 
arguments based simply on combining angular momenta. As a byproduct of this work, we 
obtain clear violations with Bell's inequality (cf. [2] [I]) of LHV theories. We will also see 
how QED generates speed dependent entangled states. 
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Several experiments have been perfomed in recent years (cf. [I] [E]) on particles' polar- 
izations correlations. And, it is expected that the novel properties recorded here by explicit 
calculations following directly from field theory, which is based on the principle of relativity 
and quantum theory, will lead to new experiments on polarization correlations monitor- 
ing speed in the light of Bell's Theorem. We hope that theses computations will be also 
useful in such areas of physics as quantum teleportation and quantum information in general. 

The relevant quantity of interest here in testing Bell's inequality of LHV [2] theories is, 
in a standard notation, 



s _ Pl 2 («l,«2) _ £>12(«1,«2) i Pl2 (01,02) P12K, 0>2 



^12(00,00) pi 2 (oo,oo) pi 2 (oo,oo) pi 2 (oo,oo) 

(1.1) 



Puja'i, 00) _ pi 2 (oo,a 2 ) 
Pi 2 (oo,oo) pi 2 (oo,oo) 



as is computed from QED. Here ai, a 2 (a'^a^) specify directions along which the po- 
larizations of two particles are measured, with pi 2 (ai, a 2 )/pi 2 (oo, 00) denoting the joint 
probability, and pi 2 (ai, oo)/pi 2 (oo, 00), pi 2 (oo, a 2 )/pi 2 (oo, 00) denoting the probabilities 
when the polarization of only one of the particles is measured. [pi 2 (oo, 00) is normalization 
factor.] The corresponding probabilities as computed from QED will be denoted by 
P 1X1^X2], P[Xi>— ]j P[~ 7X2] with xii X2 denoting angles the polarization vectors make 
with certain axes spelled out in the bulk of the paper. To show that QED is in violation 
with Bell's inequality of LHV, it is sufficient to find one set of angles \ii X2, x'i, X2 
and speed (3, such that S, as computed in QED, leads to a value of S with S > or 
S < — 1. In this work, it is implicitly assumed that the polarization parameters in the par- 
ticle states are directly observable and may be used for Bell-type measurements as discussed. 



The need of a relativistic treatment based on explicit quantum field dynamical calcula- 
tions in testing Bell-like inequalities is critically important. An intriguing and very recent 
reference which appeared after the submission of our paper for publication, discusses the 
role of relativity in quantum information, in general, and traces the historical development of 
its role, and most importantly, in the light of our present investigations, emphasizes the need 
of quantum field theory as necessary for a consistent description of interactions. Most earlier 
analyses dealing with relativistic aspects, relevant to information theory and Bell-like tests 
are kinematical of nature or deal with basic general properties of local operators associated 
with bounded regions of spacetime setting limits on measurements and localizability of quan- 
tum systems. These probabilities are well documented in some of the recent monographs 
on ^ ne subject. Notable important other recent references on such general aspects 
which are, however, non-dynamical of nature are ^3] ^7], an d a paper by Czachor ^H] in- 
dicating how a possible decrease in violation of Bell's inequalities may occur. In the present 
work, we are interested in dynamical aspects and related uniquely determined probabilities 
(intensities) of correlations based on QED, as a fully relativistic quantum field theory (i.e., 
encompassing quantum theory and relativity) that meet the verdict of experiments. QED 
is a non-speculative theory and as Feynman [TH] puts it, it is the most precise theory we 
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have in fundamental physics. The closest investigation to our own is that of Ref.j201, a 
reference we encountered after the submission of our paper for publication, which considers 
spin-spin interactions, in a QED setting, for non-relativistic electrons and, unfortunately, 
does not compute their polarizations correlations which are much relevant experimentally. 
In the present paper, exact fully relativistic QED, computations, to the leading order, of 
polarizations correlations are explicitly carried out for initially polarized and unpolarized 
particles. The importance of also considering unpolarized spin stems from the fact that we 
discover the existence of non-trivial correlations, in the outcome of the processes, even for 
such mixed states (since one averages over spin) and not only for pure states arising from 
polarized spins, leading, in particular, in both cases to speed dependent probabilities. The 
main results of our paper are given in (l2~2~2l . Ij223|) . (fiZfy -QTZ ty . (l3~TTH) . (EH^ - 

(JHHIIJ)- All of these probabilities lead to a violation of Bell's inequality of LHV theories. As 
the computations are based on the fully relativistic QED, it is of some urgency that relevant 
experiments are carried out by monitoring speed. 



2 POLARIZATIONS CORRELATIONS: INITIALLY 
POLARIZED PARTICLES 



We consider the process e~e~ — > e~e~ , in the cm., with initially polarized electrons with 
one spin up, along the z-axis, and one spin down. With p 1 = 7m/3(0, 1,0) = — p 2 denoting 
the momenta of the initial electrons, 7 = 1/ yl — (3 2 , we consider momenta of the emerging 
electrons with 



p[ = 7m/?(sin6 l , 0, cosi 
where 9 is measured from the 2-axis. 



P2 



(2.1) 



For the four-spinors of the initial electrons, we have (p° = 7m) 



u(pi 



u(p 2 



P 



p 1 + m 
2m 



p 1 + m 
2m 



( fl\ \ 



1/2 



v ip w/ 



1/2 



V ip Vo;y 



7 + 1 1 + 



(2.2) 



(2.3) 



(2.4) 
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and for the final ones 



u(p[) 



, \l/2 

p + m x 



6 



2m 

o , \ i/ 2 / t 



2m 



2 



where the two-spinors £i, £2 will be specified later. 

The expression for the amplitude of the process is well known (cf. 



A oc 



u{p' l )^u{p l )u(p' 2 )^ tl u(p 2 ) _ u {p' 2 ) (p[ ) u (p[ ) 7^ (p 2 ) 

(pi- Pi) 2 (P 2 -Pl) 2 

The following matrix elements are needed and are readily calculated 



u(p'ih° u (pi) 

u{p 2 )l°u(p 2 ) 

u(p'ih°u(p 2 ) 
u(p' 2 h°u(pi) 

u(p[h J u(pi) 
u(p' 2 h J u(p 2 ) 

u(p'lh J u(P2) 

u(p' 2 h J u(pi) 



p° + m 1 (\ + ip 2 sintf 
2m 1 V -ip 2 cos6» 

p° + m t / -ip 2 cos# 



2m 



1 — ip sin 6 1 



p° + m t ^ ip 2 cos 9 
"si 



2m 1 V 1 + V sin 61 

p° + m t A - ip 2 sintf 
2m V ip 2 cos6» 



p u + m t 



p + m t 



p u + m + 



p u + m t 
^m~^ 



i + sin # \ - ■ i 



— cos# 

— cos 9 
i — sin 9 

cos 9 
i + sin 9 



5 Ji + i 



5 3l + i 



6 jl + i 



-i + sin#\ gj2 + f -cos 9 j gjl 



— cos 9 

cos 9 
i + sin 9 



5j2 ii-smO\ 



i + sin 9 



cos 9 



cos9\ sj2+ ^i-sin^ 1 sj3 



i — sin 9 \ - , 1 



cos# 



5 Ji -i 



i — sin # 



i + sin 9 \ ,2 



cos 6* 
COS6 1 



J2 _ ) 0,3 

cos # / V 1 + sin # 



For = 0, (see FIG. Q}, we obtain from (l2~7h- (l2~Tol) 



+ 4ip 2 



0\ (0 



1 \ /i 



(2.16) 



generating the speed dependent (normalized) entangled state of the emerging electrons 



where 



1 J (l + 6p 2 + p 4 ) 
N\ V2 



2-i 



+ 



4ip 2 

7f 



+ 



(2.17) 



N= [(l + 6 p 2 + p 4 ) 2 + 16p 4 ] 1/2 

_ 1 /e-^/ 2 \ 
J ' ~ \/2 V eiXj/2 / ' 3 ~ 

p is defined in (|2.4j) . and the angles are measured relative to the x-axis (see FIG. [TJ). 
The joint probability of the electrons polarizations correlations is then given by 



(2.18) 
(2.19) 



P\Xi,X*] 



[(1 + 6p 2 + p 4 ) sin (^a) - 4p 2 cos (2^)] : 



2[(l + 6p 2 + p 4 ) 2 + 16p 4 ] 
[For /3 — > 0, one obtains a rather familiar expression P[xi, X2) = sin 2 [(xi — X2V2] /2. 



(2.20) 



If only one of the spins is measured, say, corresponding to Xii we then have to form the 
state 



[l + 6p 2 + p 4 l fe-'^l 2 



2N 



,iXl/2 



+ 



4ip 



2 / e iXl/2 



2N Ve 



-iXi/2 



(2.21) 



from which we obtain the corresponding probability 



FIG. 1: The figure depicts e~e~ scattering, with the electrons initially moving 
along the y-axis, while the emerging electrons moving along the z-axis. The angle 
Xi, measured relative to the x-axis, denotes the orientation of spin of one of the 
emerging electrons may make. 



P\X 



i- 



1 4p 2 (l + 6p 2 + p 4 ) . 

2 ~ (l + 6p 2 + p 4 ) 2 + 16p 4SmXl 



(2.22) 



and similarly 
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P[-X*] 



el 



1 4p 2 (l + 6p 2 + p 4 ) 

2 + (1 + 6p 2 + p 4 ) 2 + 16p 4 



sm x 2 



(2.23) 



The probability P[xi, 
two angles 



may be equivalently obtained by summing P[xi,X2] over the 



X2, + K 



(2.24) 



for any arbitrarily chosen fixed X2, i-e., 



P\XhX2] + P\XhX2 + n] = P[xi, 
as is easily checked, and similarly for P[— ,X2\- 



(2.25) 



For all 0^/3^1, angles xu X2, x!ii X2 are readily found leading to a violation of 
Bell's inequality of LHV theories. For example, for (3 = 0.3, xi — 0°, X2 = 137°, x'i = 12°, 
X2 — 45°, S = —1.79 violating the inequality from below. 

The speed dependence of P[xi,X2] generally holds true for other angles as well. For 
9 = 7r/2, however, it is readily verified that (|2.7|) leads to the entangled state 



V2 





. v 1 / , 



(2.26) 



for all ^ (3 ^ 1, leading to a rather familiar expression P[xi, X2] = sin 2 [(xi — X2)/2] /2. 

Now we consider the process e + e _ — > 27, in the cm. of e~, e + with spins up, along the 
2-axis, and down, respectively. With p l = p(e~) = jmP(0, 1,0) = — p(e + ) = — p 2 , we have 
for e~, e + the spinors given by 



u 



( fl\ \ 



1 \ V 2 
p + m x 

2m 



(2.27) 



1 \ 1/2 
p + m x 

2m 



v ip w/ 

p ( 1 



(2.28) 
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with p defined in ()2.4j) . and we consider momenta of the photons 



kx = 7m(sin 9, 0, cos 6) = — k 2 
where we have used the facts that 

|ki| = |k 2 | = k° 1 = k° = p°(e ± ) = p° = 7 m 
The amplitude for the process is given by fcf.[2T]) 



A oc v 



7^7^x7^ 7 I/ 7/c27 A ' 7 M Pi 7^Pi 



2pifei 2pi£; 2 pih pik 2 
where = (0, ei), e 2 = (0, e 2 ) are the polarizations of the photons with (j 



e j = (-cos0cosx^,smx^sin0cos;(j) = (ef\e? \ e f ) 
The following matrix elements are readily derived 



(7W) 



p + m 



2m 



p + m 
2m 

p° + m 



2rtij 2 p 



(l-p 2 )<f 3 



v ( 7 i 7 m 7 j ) u = y (-<5 m ^ 3 - <5™<5 i3 + 5 ij 5 m3 ) (1 - p 2 ) 



2m 

.p° + m 2 



2m 



Upon setting, 



|ki| 



n 



the amplitude A is then given by 



A oc -i(l + p 2 )n ■ ( ei x e 2 ) + - p 2 ) (ef ] ef + eS 3) e 2 2) ) 



For = 7r/2, this gives 
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A oc - (0,smxi>sinXi)i (0,sinx2,sinx2) 2 



x i(l+p 2 ) 



V 1 / 2 



!/i \°/ 2. 

:).(:: 



(2.38) 



(see FIG. |2J), generating a speed dependent (normalized) entangled state for the photons 
given by 



1 Ji(l + P 2 ^ 

N 







V2 



(1-P 2 ) 
V2 



'0 N 
,0, 



'0 N 



'0 N 



'0 N 
,0, 



'0 N 



! W 2J 



'0 N 



(2.39) 



with 



2N211/2 



iv= [(i + p 2 ) 2 + /5 2 (i-P 2 ) 2 ] 

Therefore the joint probability of photons polarizations correlations is given by 



(2.40) 



and 



P[XuX2] = ||(0, sin cos xi)i(0, sin x 2 , cos % 2 )2 

= (1 + p 2 ) 2 sin 2 ( X i - Xg) + /^ 2 (1 ~ P 2 ) 2 cos 2 (xi + Xg) 
2[(l + p 2 ) 2 + /3 2 (l-p 2 ) 2 ] 



p [Xi,-] = 11(0, sin xi, cos xi)i 



■P[-,X2] = 11(0, sin x 2 , cos ^2)2 



2 1 



P[Xi, — ] is also equivalently obtained by summing P[xi,X2] over 



(2.41) 



(2.42) 
(2.43) 



7T 

X2, X2 + - 



(2.44) 



FIG. 2: The figure depicts e + e~ annihilation into 27, with e + , e~ moving along the 
y-axis, and the emerging photons moving along the rc-axis. xi denotes the angle 
the polarization vector of one of the photons may make with the z-axis. 



for any arbitrarily chosen X2, i-e., 

P[Xi, X2] + P[xi, X2 + \] = P[xi, ~] (2-45) 

and similarly for P[—, Xi]- 

For all 0^/3^1, angles xi> X2, X11 X2 are readily found leading to a violation of 
Bell's inequality of LHV theories. For example, for (3 = 0.2, xi — 0°, X2 = 23°, x'i = 45°, 
X2 — 67°, S = —1.187 violating the inequality from below. 

Again the speed dependence of P[xi,X2] generally holds true for other angles as well. 
For 6 = 0, however, it is readily checked that ()2.37j) leads to the entangled state 




(2.46) 



for all 0^/5^1 giving a rather familiar expression P[xi, X2] — [sin 2 (x! — % 2 )] /2. 

3 POLARIZATIONS CORRELATIONS: INITIALLY 
UNPOLARIZED PARTICLES 

For the process e~e~ — > e~e~, in the cm., with initially unpolarized spins, with momenta 
p 1 = 7m/3(0, 1,0) = — p 2 , we take for the final electrons 
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p\ = 7^/3(1,0,0) = -^ (3.1) 



n , \ 1/2 , , \ / . , 

p +m\ / 4i \ _ /— icosxi/2 



and for the four-spinors 



A straightforward but tedious computation of the corresponding probability of occurrence 
with initially unpolarized electrons, ()2.7|) leads to 



Prob oc [«(p'i)7 M (-7Pi + ™)'fu(j/ 1 )] [u(p' 2 h 'm( _ 7P2 + ra)7 CT w(p 2 )] 

- [w(pi)7 M (-TPi + ^)7 <t m(p / 2 )] [m(p' 2 )7 m (-7P2 + m)7 ff n(p' 1 )] 

- [w(p 2 )7 / '(-7Pi + ^)7 <t m(p' 1 )] [m(p' 1 )7 m (-7P 2 + m)-f a u(p' 2 )} 

+ [M(p' 2 )7 At (-7Pi + ^)7 ct m(p 2 )] [m(p£)7a*( - 7P2 + m)7 <J u(p' 1 )] (3.4) 
which after simplification and of collecting terms reduces to 

Prob oc (1 - /3 2 )(1 + 3f3 2 ) sin 2 (^y^) + ^ cos 2 (^y^) + 4(3 ' 

= F[ X i,X2] (3.5) 
where we have used the expressions for the spinors in (|3.2j) . (|3.3|) . 

Given that the process has occurred, the conditional probability that the spins of the 
emerging electrons make angles xi, X2 with the z-axis, is directly obtained from (|3.5|) to be 

P[Xi,X2] = F[Xl c X2] (3.6) 

The normalization constant C is obtained by summing over the polarizations of the emerging 
electrons. This is equivalent to summing of F\xi, X2] over the pairs of angles 

(Xi, X2), (Xi + ^ X2), (xi, X2 + 7r) (xi + 7T, X2 + 7r) (3.7) 
for any arbitrarily chosen fixed Xi? X2 ? corresponding to the orthonormal spinors 
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-icosxj/2\ /-icos(xj + tt)/2\ = /ishiXj/2 N 
sin Xj/2 /' V sin (Xi + 7r)/2 J \cosXj/2 

providing a complete set, for each j = 1, 2, in reference to ([3.2)1 . (|3.3|) .This is, 



(3i 



C = Ffxi, X2] + + 7T, X 2\ + X2 + tt] + + vr, X2 + tt] 

= 2(1 + 2/3 2 + 6/5 4 ) (3.9) 
which as expected is independent of xi, X2, giving 

(l_^ )(1 + 3 ^ )sin 2 ( x^ )+/g 4 cos 2 (2 a+xa) + 4^ 

P[Xl! X2] " 2(1 + 2/32 + 6 /?4) (3 - 10) 

By summing over 

X2, X2 + 7T (3.11) 



for any arbitrarily fixed %2? we obtain 



and similarly, 



P[Xi,-} = \ (3.12) 



for the probabilities when only one of the photons polarizations is measured. 

A clear violation of Bell's inequality of LHV theories was obtained for all ^ (3 ^ 0.45. 
For example, for p = 0.3, with xi = 0°, X2 = 45°, x'i = 90°, x'2 = 13 5° give S = -1.165 
violating the inequality from below. For larger (3 values, alone, one cannot discriminate 
between LHV theories and quantum theory for this process. A violation of Bell's inequality 
for at least some j3 values, as seen, however, automatically violates LHV theories. 

The probability of photon polarizations correlations in e + e~ — > 27 with initially unpo- 
larized e + , e~ , has been given in [Q to be 

Dr 1 1 - [cos(xi -X2) - 2/? 2 cosxiCosx 2 ] 2 ,„ 1yl x 
P\Xi, X2] = 2 [1 + 2/^(1-^)] (314) 

PW 1 1+^ 2 (1- /3 2 ) cos 2 Xl 

P[Xl ' H " 2[l + 2/?*(l -/?*)] ( 3 - 15 ) 
l+4/? 2 (l-/? 2 )cos 2 X2 

p[ "' X2] = 2 [i + 2/y»(i -/?*)] (3 - 16) 



12 



and a clear violation of Bell's inequality of LHV theories was obtained for all 0^/3^ 0.2. 
Again, for larger values of /3, alone, one cannot discriminate between LHV theories and 
quantum theory for this process. A violation of Bell's inequality for at least some (3 values, 
as seen, however, automatically occurs violating LHV theories. 

For completeness, we mention that for the annihilation of the spin pair into 27 the 
following probabilities are similarly worked out: 



Dr , _ (cos(xi - Xa) - 2 / 3 2 cosxiCosx 2 ) ,„ 

P[Xn X2\ - 2(1-2/32(1-/32)] ^.17) 

PlXn -J - 2 [1- 2/?>(i -/?2 }] (3 - 18) 

P[- X,] = 1 - 4/?2(1 - /32)CQs2x2 (3 19) 

n 'X2\ 2[l-2/52(l-/?2)] ^ iy J 

and violates Bell's inequality of LHV theories for all ^ (3 ^ 1. 



4 CONCLUSION 

We have seen by explicit dynamical computations based on QED, that the polarizations 
correlations probabilities of particles emerging in processes depend on speed, for initially 
polarized as well as unpolarized particles, in general. We have also seen how QED leads 
directly to speed dependent entangled states. For processes with initially polarized particles 
(as well as for spin pairs annihilation into 27), a clear violation of Bell's inequality of LHV 
theories was obtained for all speeds. This clear violation was also true for several speeds for 
processes with initially unpolarized particles, but the tests are more sensitive on the speed 
for such processes. The main results of the paper are given in ()2.20|) . ()2.22|) . (|2.23|h ([2.41)1 - 
([2.43)1 . (|3.10p . (|3.12j) - ([3.19p . We feel that it is a matter of some urgency that the relevant 
experiments are carried out by monitoring speed. 
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